Generalized stable shape and Brown's representation theorem  by Miyata, Takahisa & Segal, Jack
Topology and its Applications 94 (1999) 275–305
Generalized stable shape and Brown’s representation theorem
Takahisa Miyata a, Jack Segal b,∗
a Numazu College of Technology, 3600 Ooka Numazu, 410, Japan
b Department of Mathematics, University of Washington, Seattle, WA 98195, USA
Received 27 June 1997; received in revised form 12 December 1997
Abstract
In this paper we formulate and prove the absolute and relative versions of the Hurewicz theorem
and the homological version of the Whitehead theorem in the generalized stable shape category. We
also apply Brown’s representation theorem to obtain various properties of generalized stable shape
and shape. Ó 1999 Elsevier Science B.V. All rights reserved.
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Introduction
ˇCech stable homotopy theory for compacta, which originates in Lima [8], has been
developed as stable shape theory by various people such as Dold and Puppe [5], Henn [6],
Nowak [14,15] and Mrozik [13]. It was based on Spanier–Whitehead category and various
duality properties in that category were investigated. In order to extend the stable shape
category over arbitrary topological spaces, Miyata and Segal [12] used CW-spectra and
obtained the generalized stable shape category, and then proved the Whitehead theorem in
that category.
This paper is a continuation of our earlier paper [12] and mainly consists of the following
two parts: In the first part we formulate and prove the absolute and relative versions
of the Hurewicz theorem and the homological version of the Whitehead theorem in the
generalized stable shape category. In the second part, we show that the famous Brown
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representation theorem (see Brown [3], Adams [1], Whitehead [18]) is useful in studying
our generalized stable shape theory and shape theory.
In Section 1 we obtain the Hurewicz theorem for CW-spectra, and in Section 2 we
study homology theories for pairs of CW-spectra. In Section 3 we introduce the notion of
polyhedral spectra and study approximation by polyhedral spectra and the homotopy types
of polyhedral spectra. After formulating the generalized stable shape and pro-homology
theories in the following two sections, in Section 6 we formulate and prove the Hurewicz
theorem in the generalized stable shape category, and in the following section we obtain
the relative version of the Hurewicz theorem and the homological version of the Whitehead
theorem. In the final three sections, we apply Brown’s representation theorem and show
that the generalized stable shape category can be embedded in the weak homotopy category
of CW-spectra and that every movable space with some reasonable conditions has the shape
type of a CW-complex and its stable version.
We assume that all spaces have base points, maps are pointed maps and homotopy maps
preserve base points. A space means a topological space with a base point.
1. Homology theories of spectra and stable Hurewicz theorem
In this section we review the basic results on CW-spectra. The reader is referred to
Switzer [16] and Margolis [11] for details. Let CWspec denote the category of CW-spectra
and maps of CW-spectra. For each space X, the suspension spectrum E(X) of X is the
spectrum defined by(
E(X)
)
n
=
{
SnX, n> 0,
∗, n < 0.
Here S : Top → Top is the functor defined by SX = S1 ∧ X for each space X and
Sf = 1S1 ∧ f for each map f :X→ Y between spaces, and let Sk = S ◦ Sk−1 for k > 2
and S1 = S. For each map f :X→ Y between CW-complexes, E(f ) :E(X)→ E(Y ) is
the map of CW-spectra defined by (E(f ))n = Snf :SnX→ SnY . Let HCWspec denote
the homotopy category of CWspec, i.e., the objects of HCWspec are all CW-spectra and
the morphisms are the homotopy classes of maps between CW-spectra.
Let Ab be the category of Abelian groups and homomorphisms. A homology theory
h∗ on HCWspec is a family (hq, σq : q ∈ Z) consisting of functors hq : HCWspec→ Ab
and natural equivalences σq :hq→ hq+1 ◦Σ , q ∈ Z, such that for each cofibre sequence
E→ F →G, the induced sequence
hq(E)→ hq(F )→ hq(G)
is exact. Here Σ is the suspension functor on HCWspec.
For each map f :E→ F between CW-spectra, define the mapping cone F ∪f CE of f
by
(F ∪f CE)m = Fm ∪f ′m CEm (= Fm ∪f ′m (Em ∧ I)),
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where {f ′m} :E→ F are functions representing the map f . If F is a subspectrum of E,
then we write E ∪CF for the mapping cone E ∪i CF of the inclusion map i :F ↪→E.
(E,F) is said to be a pair of spectra if E is a spectrum and F is a subspectrum of E.
Proposition 1.1. For each pair of CW-spectra (E,F), we have the following long exact
sequence:
→ hq(F ) i∗→ hq(E) j∗→ hq(E ∪CF) ∆q−→ hq−1(F )→ .
We say (E;F,G) is a triad of CW-spectra if E, F , G are CW-spectra such that
E = F ∪G, i.e., Em = Fm∪Gm for allm ∈ Z. Then the CW-spectrum F ∩G is defined by
(F ∩G)m = Fm ∩Gm. (E,E0,E1) is a triple of CW-spectra if E, E0, E1 are CW-spectra
such that E0 ⊆E1 ⊆E.
Proposition 1.2. For each triad of CW-spectra (E;F,G), we have the following long
exact sequence:
→ hq(F ∩G) (i1∗,i2∗)−→ hq(F )⊕ hq(G) i3∗−i4∗−→ hq(E)
∆′q−→ hq−1(F ∩G)→,
where ∆′q is the composite:
hq(E)
p∗−→ hq(E ∪CG)
∼=← hq
(
F ∪C(F ∩G)) ∆q−→ hq−1(F ∩G),
i1 :F ∩G ↪→ F , i2 :F ∩G ↪→G, i3 :F ↪→ E, and i4 :G ↪→ E and p :E→ E ∪ CG are
all inclusions.
The wedge
∨
α∈AEα of CW-spectra Eα, α ∈A, is defined by(∨
α∈A
Eα
)
m
=
∨
α∈A
(Eα)m.
Corollary 1.3. For CW-spectraE andF , the inclusion mapsE ↪→E∨F andF ↪→E∨F
induce the isomorphism
hq(E)⊕ hq(F )
∼=−→ hq(E ∨ F).
For any homology theory h∗ on HCWspec, consider the following property:
(HW) For each family of CW-spectra {Eα: α ∈A}, the inclusions iα :Eα ↪→∨β∈AEβ
induce the isomorphism
{iα∗} :
⊕
α∈A
hq(Eα)→ hq
(∨
β∈A
Eβ
)
for q ∈Z.
Proposition 1.4. Let {Eα} be an increasing family of CW-spectra Eα such that Eα ⊆ E
and let E be a CW-spectrum. Suppose that for each finite F ⊆ E, we have F ⊆ Eα for
some α. Then
colim
α
piq(Eα)∼= piq(E) for q ∈ Z. (1)
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Moreover, if E0 ⊆Eα for all α, then
colim
α
piq(Eα,E0)∼= piq(E,E0) for q ∈ Z. (2)
For each CW-spectrum E, let E(n) denote the n-skeleton of E.
Proposition 1.5. Let h∗ be a homology theory on HCWspec. If h∗ satisfies (HW), then for
any CW-spectra E the inclusion maps in :E(n) ↪→E induce the isomorphism
{in∗} : colim
n
hq(E
(n))→ hq(E) for q ∈ Z.
A CW-spectrum E is said to be contractible if E is homotopy equivalent to a point
spectrum ∗.
Proposition 1.6. If F is contractible subspectrum of a CW-spectrum E, then E ∪ CF is
homotopy equivalent to E.
A subspectrum F of E is said to be closed if whenever F ′ is a subspectrum
of E such that F is cofinal in F ′, then F ′ = F (see Adams [2, p. 155]). In this
case E/F forms a spectrum by (E/F)m = Em/Fm, and the map r :E ∪ CF →
E/F represented by a function defined by rm :Em ∪ CFm → Em/Fm is a homotopy
equivalence.
Proposition 1.7. Let (X,A) be a pair of CW-complexes. Then E(A) is a closed
subspectrum of E(X).
Proposition 1.8. If E0 and E1 are closed subspectra of a CW-spectrum E, then so is
E0 ∩E1.
Proposition 1.9. If G is a closed subspectrum of F and if F is a closed subspectrum of
E, then G is a closed subspectrum of E.
Proposition 1.10. Let E be a CW-spectrum, and let n > 0. Then E(n) is a closed
subspectrum of E.
Let S0 denote the sphere spectrum. For the suspension functor Σ on HCWspec, let
Σ1 =Σ and Σn+1 =Σn ◦Σ for n> 1.
For n ∈Z, a CW-spectrum E is said to be n-connected provided piq(E)= 0 for q 6 n.
The following result of Switzer [16, 7.55] also holds for CW-spectra (see also
G.W. Whitehead [18, p. 246]).
Theorem 1.11. Let T∗ :h∗ → h′∗ be a natural transformation of homology theories on
HCWspec and let N ∈ Z and n > 0. Suppose that Tq(S0) :hq(S0) → h′q(S0) is an
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isomorphism for q < N and an epimorphism for q = N . Then for each finite (n − 1)-
connected CW-spectrum E, Tq(E) :hq(E)→ h′q(E) is an isomorphism for q < n+N and
an epimorphism for q = n+N . Moreover, if h∗ and h′∗ satisfy (HW), then for each (n−1)-
connected CW-spectrum E, Tq(E) :hq(E)→ h′q(E) is an isomorphism for q < n+N and
an epimorphism for q = n+N .
If h∗ is a homology theory on HCWspec, then we also write h∗ for the induced
(reduced) homology theory on the category HCW of all CW-complexes and homotopy
classes, i.e., for each CW-complex X, h∗(X) = h∗(E(X)) and for each map f :X→ Y ,
h∗(f )= h∗(E(f )).
For any Abelian group G, let H(G) denote an Eilenberg–MacLane spectrum, i.e.,
H(G)m =
{
H(G,m) form> 1,
∗ form6 0,
where H(G,m) is an Eilenberg–MacLane complex of type (G,m). Let ι :S0 → H(Z)
be a map representing 1 ∈ Z ∼= [S0,H(Z)] ∼= pi0(H(Z)). Then ι induces a natural
transformation of homology theories T∗(ι) :piS∗ → H(Z)∗ = H˜ ( ;Z), where H˜ ( ;Z)
denotes the reduced singular homology theory with coefficients in Z. We write hS∗ for T∗(ι)
and call it the stable Hurewicz homomorphism. A space X is said to be stably n-connected
if piSq (X)= 0 for q 6 n.
Theorem 1.12 (Stable Hurewicz theorem). If a CW-complex X is (n − 1)-stably con-
nected, then the stable Hurewicz homomorphism hSq :piSq (X)→ H˜q(X;Z) is an isomor-
phism for q 6 n and an epimorphism for q = n+ 1.
2. Homology of pairs of CW-spectra
Let h∗ = (hq, σq : q ∈ Z) be any homology theory on HCWspec. For each pair (E,F)
of CW-spectra and q ∈ Z, we define
hˆq(E,F )= hq(E ∪CF)
and for any map f : (E,F)→ (G,H)
hˆq(f )= hq(f ′),
where f ′ :E ∪ CF →G ∪ CH is the map induced by f . For each q ∈ Z, we also define
the natural transformation σˆq : hˆq → hˆq−1 ◦ R by σˆq(E,F ) = ∆q(E ∪ CF) for each
pair of CW-spectra (E,F), where R : HCW2spec → HCW2spec is the functor defined by
R(E,F)= (F,∅) and R(f )= f |F .
Proposition 2.1. If (E,F) is a pair of CW-spectra and if F is closed in E, then
hˆq(E,F )∼= hq(E/F) for q ∈ Z.
Proof. This follows from the fact that the map r :E ∪ CF → E/F represented by a
function defined by rm :Em ∪CFm→Em/Fm is a homotopy equivalence. 2
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Proposition 2.2. If (E;F,G) is a triad of CW-spectra, then the inclusion map F ∪C(F ∩
G) ↪→ E ∪ CG is a homotopy equivalence. Hence for each triad (E;E0,E1) of CW-
spectra, the inclusion (F,F ∩G) ↪→ (E,G) induces the isomorphism
hˆq(F,F ∩G)→ hˆq (E,G) for q ∈Z.
Proof. For each m ∈ Z, the inclusion map
im :Fm ∪C(Fm ∩Gm) ↪→Em ∪CGm
is a homotopy equivalence, and the following diagram commutes:
S(Fm ∪C(Fm ∩Gm)) Sim
⊆
S(Em ∪CGm)
⊆
Fm+1 ∪C(Fm+1 ∩Gm+1) im+1 Em+1 ∪CGm+1
.
Thus we have the desired homotopy equivalence. 2
We also have the long exact sequences of pairs and triples, and the Mayer–Vietoris
sequence of triads of CW-spectra for hˆ∗ = (hˆq, σˆq : q ∈ Z).
A CW-spectrum E is said to be convergent if there exists N ∈ Z such that EN+i are
i-connected for all i > 0.
For each pair of CW-spectra (E,F) we define
piq(E,F)=
[
Σq(D1, S0); (E,F)]= colim
k
piq+k(Ek,Fk).
Proposition 2.3. If (E,F) is a pair of CW-spectra and if E and F are convergent, then
pˆiq(E,F )∼= piq(E,F) for each q ∈Z.
Proof. We must show that piq(E,F)∼= piq(E ∪CF). Since both E and F are convergent,
there is N ∈ Z such that both Ek and Fk are (k−N)-connected for k >N . So (Ek,Fk) and
(CFk,Fk) are (k−N)-connected for k >N . For each q ∈ Z, take k ∈ Z with q 6 k− 2N ,
i.e., q + k 6 2(k−N). Then by Homotopy Excision Theorem (see Switzer [16, 6.21]) the
inclusion induced homomorphisms give the isomorphism
piq+k(Ek,Fk)
∼=−→ piq+k(Ek ∪CFk,CFk) for k > q + 2N.
So for each q ∈Z,
piq(E,F)= colim
k
piq+k(Ek,Fk)
∼=−→ colim
k
piq+k(Ek ∪CFk,CFk)
= piq(E ∪CF). 2
Corollary 2.4. For each pair of CW-complexes (X,A)
piSq (X,A)
∼= pˆiq
(
E(X),E(A)
) for q ∈ Z.
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Proof. This follows from Proposition 2.3 and the fact that the suspension spectra E(X)
and E(A) are convergent. 2
The corresponding exact sequences of the homotopy groups of CW-complexes imply
the following:
Proposition 2.5.
(i) For each pair (E,F) of CW-spectra, we have the following long exact sequence:
→ piq(F ) i∗→ piq(E) j∗→ piq(E,F)→ piq−1(F )→,
where i :F ↪→E and j :E ↪→ (E,F) are the inclusion maps.
(ii) For each triple of CW-spectra (E,F,G), we have the following long exact sequence:
→ piq(F,G) i∗→ piq(E,G) j∗→ piq(E,F)→ piq−1(F,G)→,
where i : (F,G)→ (E,G) and j : (E,G)→ (E,F) are the inclusion maps.
3. Polyhedral spectra
A CW-spectrum is said to be a polyhedral spectrum if for each m ∈ Z, Em is a
polyhedron and SEm is homeomorphic to a subpolyhedron of Em+1. For example, for
any polyhedron P , the suspension spectrum E =E(P) is a polyhedral spectrum.
Let E = E(P) where P is a polyhedron. Then the sequence ∆n = {∆n,S∆n, . . .}
where ∆n is an n-simplex of P is said to be an n-simplex of E. The boundary of ∆n
is ∂∆n = {∂∆n,S(∂∆n), . . .}. Then ∆n and ∂∆n are equivalent to the CW-spectra ΣnD1
and ΣnS0, respectively, where D1 is the spectrum defined by
(D1)n =
{
SnD1 'Dn+1, n> 0,
∗, n < 0.
We also define the cone C∆n by
∆n ∧ I = {∆n ∧ I, S∆n ∧ I, . . .}
which is equivalent to ∆n+1, and define the boundary ∂C∆n by{
∂(∆n ∧ I), S∂(∆n ∧ I), . . .
}
which is equivalent to ∂∆n+1.
For each map f :E→ F between spectra, define the mapping cylinder Mf of f by
(Mf )m =Mfm,
where {f ′m} :E→ F are functions representing the map f , and Mfm is the usual mapping
cylinder of fm.
Theorem 3.1. Every spectrumE admits a polyhedral spectrum ΓE and a weak homotopy
equivalence γE :ΓE→ E. Moreover, if E is a CW-spectrum, there is a naturality, i.e., if
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f :E→ F is a map between CW-spectra, then there is a map Γf :ΓE→ Γ F such that
the following diagram commutes up to homotopy:
ΓE
γE
Γf
E
f
Γ F
γF
F
. (3)
Proof. The proof is a modification of Mardešic´ and Segal [10, Theorem 1, p. 310].
We wish to obtain polyhedral spectra K0 ⊆ K1 ⊆ K2 ⊆ · · · such that for each n >
0, piq(Kn+1,Kn) = 0 for q 6 n, and maps f (n) :Kn → E, n > 0, which are n-
equivalences such that f (n+1)|Kn = f (n). Let ΓE be the CW-spectrum defined by
(Γ E)m = ⋃∞n=0(Kn)m. Note that this really forms a CW-spectrum. Indeed ΓE is a
polyhedral spectrum. Let n > 0 and consider the long exact sequence of the triple
(Km,Kn+1,Kn), m> n+ 1 (see Proposition 2.5(ii)):
→ piq(Kn+1,Kn)→ piq(Km,Kn)→ piq(Km,Kn+1)→ piq−1(Kn+1,Kn)→ .
Thus piq(Km,Kn) = 0 for q 6 n < m by induction on m − n. By Proposition 1.4,
piq(Γ E,Kn)= 0 for k 6 n. We can define a map γE :ΓE→ E by γE |Kn = f (n) so that
γEin = f (n) for all n> 0, where in :Kn ↪→ ΓE. Then in is an n-equivalence, so γE is an
n-equivalence for all n ∈ Z and hence a weak homotopy equivalence.
First put K0 = ∗ and f (0) :K0→E :f (0) = ∗. Assume that we have polyhedral spectra
K0 ⊆K1 ⊆ · · · ⊆Kn such that for k = 0,1, . . . , n− 1,
piq(Kk+1,Kk)= 0 for q 6 k (4)
and a map f (n) :Kn→E of CW-spectra such that
f (n) is an n-equivalence. (5)
Let
ϕα : (Σ
n+1D1,Σn+1S0)≈ (∆αn+1, ∂∆αn+1)→ (Mf (n) ,Kn)
be the generators of pin+1(Mf (n) ,Kn). By taking subdivisions of ∂∆αn+1, we can assume
that (ϕα)m|Sm(∂∆αn+1) :Sm(∂∆αn+1)→Kn are simplicial. Let
Kn+1 =
⋃
α
Kn ∪ϕα |∂∆αn+1 ∆αn+1
be the polyhedral spectra obtained by attaching (n+ 1)-simplices to Kn along ϕα . Then
(Kn+1,Kn) satisfies
piq(Kn+1,Kn)= 0 for q 6 n. (6)
Define a map g : (Kn+1,Kn)→ (Mf (n) ,Kn) by{
g|Kn = 1Kn,
g|∆αn+1 = ϕα.
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Then
g∗ :pin+1(Kn+1,Kn)→ pin+1(Mf (n) ,Kn) is onto. (7)
Put f (n+1) = pg :Kn+1→E where p :Mf (n)→E is the projection map. Then
f (n+1)|Kn = f (n).
Claim. f (n+1) is an (n+ 1)-equivalence.
Let i ′ :Kn+1 ↪→ Mg and j ′ :Mf(n) ↪→ Mg be the inclusion maps, and let p′ :Mg →
Mf(n) be the projection map. Then p′ is a homotopy equivalence relative Kn. So
p′∗ :piq(Mg,Kn)
∼=−→ piq(Mf (n),Kn) for all q ∈Z. (8)
(5) and Proposition 2.5(i) imply piq(Mf (n) ,Kn)= 0 for q 6 n and hence
piq(Mg,Kn)= 0 for q 6 n. (9)
Since p′i ′ = g, then by (7) and (8)
i ′∗ :pin+1(Kn+1,Kn)→ pin+1(Mg,Kn) is onto. (10)
Consider the exact sequence of the triple (Mg,Kn+1,Kn) (see Proposition 2.5(ii)):
→ piq(Kn+1,Kn) i
′∗→ piq(Mg,Kn)→ piq(Mg,Kn+1)
→ piq−1(Kn+1,Kn)→ . (11)
Applying (6) and (9) to (11), we have piq(Mg,Kn+1) ∼= piq(Mg,Kn) = 0 for q 6 n. If
q = n + 1, then applying (6) and (10) to (11), we have pin+1(Mg,Kn+1) = 0. Thus
piq(Mg,Kn+1) = 0 for q 6 n + 1. So i ′ :Kn+1 ↪→Mg is an (n + 1)-equivalence. Since
f (n+1) = pp′i ′ and p and p′ are homotopy equivalences, f (n+1) is an (n+ 1)-equivalence
as required.
For the naturality, let f :E→ F be a map. Then since the polyhedral spectrum Γ E is a
CW-spectrum, Switzer [16, 8.24] implies γF∗ : [ΓE,Γ F ]→ [ΓE,F ] is an isomorphism.
So there is a unique map Γf :ΓE → Γ F such that diagram (3) commutes up to
homotopy. 2
Theorem 3.2. Every CW-spectrum has a homotopy type of a polyhedral spectrum.
Proof. The proof is based on Switzer [16, 8.3]. Let E = {Em,εm | m ∈ Z} be a CW-
spectrum. Without loss, we can assume Em = ∗ for m < 0. For each m ∈ Z, there is a
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polyhedron P ′m that is homotopy equivalent to Em. Let αm :P ′m→ Em be the homotopy
equivalence and let βm :Em→ P ′m be its homotopy inverse.
Claim. For each m > 0, there exist polyhedra Pm, homeomorphisms ε′′m :SPm ↪→ Pm+1
onto the subpolyhedra of Pm+1, and homotopy equivalences rm :Pm→ P ′m such that the
following diagram commutes:
SPm
ε′′m
Srm
Pm+1
rm+1
SP ′m
ε′m
Sαm
P ′m+1
αm+1
SEm
εm Em+1
,
where ε′m = βm+1 ◦ εm ◦ Sαm.
Indeed, for each m> 0 let
Pm = P ′m ∧ {m}+ ∪
⋃
k<m
Sm−kP ′k ∧ [k, k+ 1]+,
where each
[x, k+ 1] ∈ Sm−kP ′k ∧ [k, k+ 1]+
is identified with the element[
Sm−k−1ε′k(x), k+ 1
] ∈ Sm−k−1P ′k+1 ∧ [k+ 1, k+ 2]+.
Without loss, we can assume that ε′k is simplicial with respect to some subdivisions of
SP ′k . Then Sm−k−1ε′k :Sm−kP ′k→ Sm−k−1P ′k+1 is simplicial, so Pm is a polyhedron. Let
ε′′m :SPm ↪→ Pm+1 be the obvious embedding. Define maps rm :Pm → P ′m as follows:
rm|P ′m ∧ {m}+ is the identity map on P ′m and rm|Sm−kP ′k ∧ [k, k+ 1]+ is the composite:
Sm−kP ′k ∧ [k, k+ 1]+
p−→ Sm−kP ′k
Sm−k−1ε′k−−−−−→ Sm−k−1P ′k+1
Sm−k−2ε′k+1−−−−−−→ Sm−k−2P ′k+2
Sm−k−3ε′k+2−−−−−−→ · · · Sε
′
m−2−−−−−→ SP ′m−1
ε′m−1−−−−−→ P ′m,
where p :Sm−kP ′k ∧ [k, k + 1]+
p−→ Sm−kP ′k is the projection. Also define the maps
im :P
′
m→ Pm :x 7→ [x,m] ∈ P ′m ∧ {m}+ ⊆ Pm. Then rm ◦ im = 1P ′m and also we can show
im ◦ rm ' 1Pm as in Switzer [16, 8.3]. This proves the claim. 2
Thus the polyhedral spectrum P = {Pm,ε′′m | m ∈ Z}, where Pm = ∗ for m < 0, is the
desired polyhedral spectrum.
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4. Generalized stable shape
We recall the construction of a generalized stable shape theory and extend it to pairs of
spaces. See Miyata and Segal [12] for more details on generalized stable shape.
Let p = (pλ: λ ∈ Λ) :X→ X = (Xλ,pλλ′,Λ) be an HCW-expansion of a space X
in the sense of Mardešic´ and Segal [10], and let E(X) = (E(Xλ),E(pλλ′),Λ) be the
inverse system in HCWspec induced by the inverse system X in HCW. A morphism
e : E(X)→ E = (Ea, eaa′,A) in pro-HCWspec is said to be a generalized expansion of
X in HCWspec provided the following universal property is satisfied:
(U) If f :E(X) → F is a morphism in pro-HCWspec then there exists a unique
morphism g :E→F in pro-HCWspec such that f = ge.
E(X)
e
f
E g F
.
One should note here that the definition of a generalized expansion does not depend on
the choice of the HCW-expansion p. Also note that for any two generalized expansions
e :E(X)→E and e′ :E(X)→E′ in HCWspec there exists a unique isomorphism i :E→
E′ in pro-HCWspec (which we call the natural isomorphism) such that ie = e′. It is easy
to see that the identity induced morphism E(X)→E(X) is a generalized expansion of X
in HCWspec.
Theorem 4.1. A morphism in pro-HCWspec, e :E(X)→ E = (Ea, eaa′,A), where p =
(pλ) :X→ X = (Xλ,pλλ′,Λ) is an HCW-expansion of any space X, is a generalized
expansion in HCWspec if and only if e is an isomorphism in pro-HCWspec.
We use generalized expansions to define the generalized stable shape category Shspec
for spaces as follows: Let ob Shspec be the set of all spaces and CW-spectra. For any
X,Y ∈ ob Shspec, let E(X,Y ) denote the set of all morphisms g :E→ F in pro-HCWspec
whereE is either a rudimentary system (X) (if X is a CW-spectrum) or the inverse system
of CW-spectra such that e :E(X)→ E = (Ea, eaa′,A) is a generalized expansion of X
in HCWspec (if X is a space), and similarly for F . We define an equivalence relation ∼
on E(X,Y ) as follows: for g :E→ F and g′ :E′ → F ′ in E(X,Y ), g ∼ g′ if and only if the
following diagram commutes in pro-HCWspec:
E
i
g
F
j
E′
g0
F ′
,
where i and j are the natural isomorphisms. We define a morphism from X to Y as each
equivalence class of E(X,Y ), and hence the set of morphisms from X to Y , Shspec(X,Y )=
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E(X,Y )/∼. We write Shspec(X) = Shspec(Y ) provided X is equivalent to Y in Shspec. The
stable shape category for compacta defined by Dold and Puppe [5] and Henn [6] can be
embedded in Shspec. Let Sh denote the pointed shape category for spaces in the sense of
Mardešic´ and Segal [10]. We write Sh(X)= Sh(Y ) provided X is equivalent to Y in
Shm. Then there exists a functor Ξ : Sh→ Shspec and we have
Theorem 4.2. For any spaces X and Y , if Sh(SkX) = Sh(SkY ) for some k > 0 then
Shspec(X)= Shspec(Y ). Conversely, for any compact Hausdorff spaces X and Y with finite
shape dimension (see Mardešic´ and Segal [10, II, §1]), if Shspec(X) = Shspec(Y ), then
Sh(SkX)= Sh(SkY ) for some k > 0.
Example. There exists a finite polyhedron P with pi1(P ) 6= 0 but whose suspension SP is
contractible. Indeed, let P be the homological 3-sphere with an open 3-simplex removed
from its triangulation. Then Sh(P ) 6= Sh(∗) but Shspec(P ) = Shspec(∗). There is also a
nonpolyhedral example. Let X be the 1-dimensional acyclic continuum (“figure eight”-
like continuum) described by Case and Chamberlin [4]. Then X is non-movable, so
that Sh(X) 6= Sh(∗), but its suspension SX is of trivial shape i.e., Sh(SX) = Sh(∗) (see
Mardešic´ [9]), so that Shspec(X)= Shspec(∗).
A pair of spaces (X,X0) is the two pointed spaces X and X0 with X0 normally
embedded in X (see Mardešic´ and Segal [10, p. 89]). Then there exists an HCW2-
expansion of a pair of spaces (X,X0), p = (pλ: λ ∈ Λ) : (X,X0)→ (X,X0) = ((Xλ,
X0λ),pλλ′,Λ), where HCW2 is the homotopy category of pairs of CW-complexes (see
Mardešic´ and Segal [10, Theorems 8 and 10, pp. 86–88]). Analogously to the above we can
define generalized expansions in HCW2spec of pairs of spaces and the generalized stable
shape category Sh2spec for pairs of spaces. Then there is a functor Ξ2 : Sh2→ Sh2spec, and
we have the results analogous to Theorems 4.1 and 4.2.
5. Pro-homology theories
A pro-homology theory h∗ on Shspec is a family (hq,σ q : q ∈ Z) consisting of covariant
functors hq : Shspec → pro-Ab and natural equivalences σ q :hq → hq+1 ◦ S for q ∈ Z
such that for each cofibre sequence X f→ Y g↪→ Y ∪f CX, the induced sequences
hq(X)
f∗→ hq(Y ) g∗→ hq(Y ∪f CX), q ∈Z,
are exact in pro-Ab.
Let h∗ = (hq, σq : q ∈ Z) be a homology theory on HCWspec. For X ∈ ob Shspec, let
e :E(X)→ E = (Eα, eαα′,A) be a generalized expansion of X in HCWspec if X is a
space, or let E = (X) be the rudimentary system if X is a CW-spectrum. Then we define
pro-hq(X) as the unique (up to isomorphism) pro-group hq(E)= (hq(Eα), eαα′∗,A). For
each ϕ ∈ Shspec(X,Y ) where X,Y ∈ ob Shspec, we define pro-hq(ϕ) as the equivalence
class of the maps of inverse systems hq(ϕ) :hq(E)→ hq(F ) where f :E(Y )→ F =
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(Fβ,fββ ′ ,B) is a generalized expansion of Y in HCWspec if Y is a space or F = (Y )
is the rudimentary system if Y is a CW-spectrum, and ϕ = (ϕβ) :E→ F is a morphism
between inverse systems that represents ϕ. Thus we can define the covariant functor pro-
hq : Shspec→ pro-Ab and this is well-defined up to an isomorphism of pro-groups. We
also define the natural equivalence pro-σq : pro-hq→ pro-hq+1 ◦S by assigning pro-σq(X)
for each X the equivalence class of the maps between inverse systems σq(E) :hq(E)→
hq+1(SE).
Theorem 5.1. pro-h∗ = (pro-hq,pro-σq : q ∈Z) is a pro-homology theory on Shspec.
Proof. It suffices to verify the exactness. First consider the case when the cofibre sequence
is of the form X
f
↪→ Y g↪→ Y ∪CX. Then there exist HCW-expansions
p = (pλ: λ ∈Λ) :X→X= (Xλ,pλλ′,Λ),
q = (qλ: λ ∈Λ) :Y → Y = (Yλ, qλλ′,Λ)
and
r = (rλ: λ ∈Λ) :Y ∪CX→ Y ∪CX = (Yλ ∪CXλ, rλλ′,Λ)
ofX, Y and Y ∪CX over the same index setΛ, respectively, and the commutative diagram:
X
f
p
Y
g
q
Y ∪CX
r
X
f
Y
g
Y ∪CX
, (12)
where f = (fλ: λ ∈Λ) and g = (gλ: λ ∈Λ) are level morphisms in pro-HCW. Indeed, let
q = (qλ: λ ∈Λ) : (Y,X)→ (Y ,X)= ((Yλ,Xλ), qλλ′,Λ) be an HCW2-expansion. Then q
induces a unique morphism
r = (rλ: λ ∈Λ) :Y ∪CX→ Y ∪CX = (Yλ ∪CXλ, rλλ′,Λ)
so that diagram (12) commutes. We can easily show that this is an HCW-expansion. Then
by Mardešic´ and Segal [10, Theorem 10, p. 119], for each λ, the following sequence is
exact:
hq
(
E(Xλ)
)→ hq(E(Yλ))→ hq(E(Yλ ∪CXλ))
and we have the commutative diagram with the rows being exact:
pro-hq(X) pro-hq(Y ) pro-hq(Y ∪CX)
hq(E(X)) hq(E(Y )) hq(E(Z))
.
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If the cofibre sequence is of the form X f→ Y g↪→ Y ∪f CX, then consider the following
commutative diagram:
X
f
Y
g
⊆
'
Y ∪f CX
'
X
⊆
M(f )
⊆
M(f )∪CX
. 2
We have the long exact sequence of pairs of spaces (X,A) for any pro-homology theory
h∗.
We define the ˇCech extension hˇ∗ = (hˇq, σˇq : q ∈ Z) of h∗ by hˇq = lim pro-hq and
σˇq = lim pro-σq, q ∈ Z. Then each hˇq : Shspec→Ab is a covariant functor. If T∗ :h∗ → h′∗
is a natural transformation of homology theories on HCWspec, then it induces a natural
transformation of pro-homology theories pro-T∗ : pro-h∗ → pro-h′∗ and that of the ˇCech
extensions Tˇ∗ : hˇ∗ → hˇ′∗. Similarly, for each covariant functor F : HCWspec→Ab, we can
define covariant functors pro-F : Shspec→ pro-Ab and Fˇ : Shspec→ Ab as in the above.
For each natural transformation T :F → F ′ between covariant functors on HCWspec, there
is an induced natural transformation of pro-groups pro-T : pro-F → pro-F ′ and that of the
ˇCech extension Tˇ : Fˇ → Fˇ ′.
For each covariant functor F : Shspec→Ab, we define the continuity axiom as:
(CA) If e :E(X)→ E is a generalized expansion in HCWspec of any space X, then
there is a natural isomorphism F(X)∼= limF(E) in Ab.
Proposition 5.2. Let F : Shspec→Ab be a covariant functor, and let L : HCWspec→Ab
be the restriction of F to HCWspec. If F satisfies the continuity axiom, then F is naturally
equivalent to Lˇ.
Proof. Let X,Y ∈ ob Shspec and assume that X and Y are spaces. Let
p = (pλ: λ ∈Λ) :X→X= (Xλ,pλλ′,Λ)
be an HCW-expansion of X. Then L(E(X)) = F(E(X)) in pro-Ab, and so Lˇ(X) =
limL(E(X))= limF(E(X))∼= F(X). Let ϕ ∈ Shspec(X,Y ) in Ab, and let
q = (qµ: µ ∈M) :Y → Y = (Yµ, qµµ′,M)
be an HCW-expansion of Y . Then there is a commutative diagram
L(E(X))
L(ϕ)
L(E(Y ))
F (E(X))
F (ϕ)
F (E(Y ))
,
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where ϕ :E(X)→ E(Y ) is a morphism in pro-HCWspec representing ϕ. Taking limits,
we have the commutative diagram:
Lˇ(X)
Lˇ(ϕ)
∼=
Lˇ(Y )
∼=
F(X)
F(ϕ)
F (Y )
.
The case when X or Y is a CW-spectrum is simpler. 2
Corollary 5.3. For each CW-spectrum E, the ˇCech extension of the homology theory E∗
on HCWspec associated with E is unique.
Remark. We have analogous results for cohomology theory and contravariant functors
on Shspec.
6. Hurewicz theorem in generalized stable shape
Let h∗ = (hq, σq : q ∈ Z) be a homology theory on HCWspec. For each n ∈ Z, an
inverse system of CW-spectra E = (Eλ,pλλ′,Λ) is said to be n-connected provided
pik(E)= (pik(Eλ),pik(pλλ′),Λ)= 0 for k 6 n.
Theorem 6.1. Let T∗ :h∗ → h′∗ be natural transformation of homology theories on
HCWspec, let h∗ and h′∗ satisfy (HW) of Section 1, and let N ∈ Z and n > 1. Suppose
that Tq :hq(S0)→ h′q(S0) is an isomorphism for q < N and an epimorphism for q = N .
If X = (Xλ,pλλ′,Λ) is an (n − 1)-connected inverse system of the suspension spectra
Xλ =E(Pλ) where Pλ are polyhedra, then Tq(X)= (Tq(Xλ): λ ∈Λ) :hq(X)→ h′q(X) is
an isomorphism for q < n+N and an epimorphism for q = n+N .
To prove the theorem we need the following two lemmas.
Lemma 6.2. For i = 0,1,2, . . . , n − 1, let Xi be polyhedral spectra of the form Xi =
E(Pi) where Pi are polyhedra, and let
X0
p0−→X1 p1−→X2 p2−→ · · · pn−1−→Xn
be a sequence of maps between polyhedral spectra. If pi∗ :pii(Xi)→ pii(Xi+1) are trivial
for i = 0,1,2, . . . , n − 1, then there exist an (n − 1)-connected polyhedral spectrum Y
which contains X0 and a map g :Y →Xn such that g|X0 = pn−1 · · ·p1p0.
Proof. For each i > 0, let
Yi =E
(
P0 ∪CP(i)0
)
,
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where P(i)0 is the i-skeleton of P0. Then Yi = E(P0) ∪E(I ∧ P(i)0 )= E(P0) ∪ CE(P (i)0 )
is i-connected. We wish to obtain maps of polyhedral spectra gi :Yi → Xi+1 with the
following commutative diagram:
X0
⊆
=
Y0
⊆
g0
Y1
⊆
g1
· · · ⊆ Yn−1
gn−1
X0
p0
X1
p1
X2
p2 · · · pn−1 Xn
. (13)
First we define g0 :Y0→X1 as follows: Put g0|X0 = p0. For each vα ∈ P(0)0 , E({∗, vα})
is equivalent to S0, and since p0∗ = 0 in pi0, there is a map
g0|E
(
I ∧ {∗, vα}
)
:E
(
I ∧ {∗, vα}
)→X1
such that the following diagram commutes:
E({∗, vα}) ⊆
⊆
E(I ∧ {∗, vα})
g0|E(I∧{∗,vα})
X0
p0
X1
.
So there is a map
g0 :Y0 =E(P0)∪E
(
I ∧P(0)0
)=E(P0) ∪ ⋃
vα∈P (0)0
E
(
I ∧ {∗, vα}
)→X1
with the required property. Assume gi :Yi→Xi+1, i 6 n− 2, are maps which make (13)
commute. We wish to define gi+1 :Yi+1→Xi+2. Put gi+1|Yi = pi+1gi . For each (i + 1)-
simplex ∆i+1 of E(P (i+1)0 ), since pi+1∗ = 0 in pii+1, there is a map
gi+1|C∆i+1 :C∆i+1→Xi+2
which makes the following diagram commute:
∂C∆i+1 ⊆
gi |∂C∆i+1
C∆i+1
gi+1|C∆i+1
Xi+1
pi+1
Xi+2
.
So there is a map
gi+1 :Yi+1 =E(P0)∪
⋃
∆i+1∈E(P (i+1)0 )
C∆i+1→Xi+2
as required. Then Y = Yn−1 and g = gn−1 :Yn−1 → Xn are the required polyhedral
spectrum and map. 2
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Lemma 6.3. Let X = (Xλ,pλλ′,Λ) be an (n− 1)-connected inverse system of polyhedral
spectra of the form Xλ =E(Pλ) where Pλ are polyhedra. Then each λ ∈Λ admits λ′ > λ,
an (n− 1)-connected polyhedral spectrum Y which contains Xλ′ and a map g :Y → Xλ
such that g|Xλ′ = pλλ′ .
Proof. piq(X) = 0 for q 6 n − 1, so for each λ ∈ Λ, there exist λ0 = λ 6 λ1 6 λ2 6
· · · 6 λn = λ′ such that pin−i (pλi−1,λi ) = 0 for i = n,n − 1, . . . ,1. Then by Lemma 6.2,
there exists an (n− 1)-connected polyhedral spectrum Y and a map g :Y →Xλ such that
g|Xλ′ = pλλ1pλ1λ2 · · ·pλn−1λ′ , as required. 2
Proof of Theorem 6.1. For each λ ∈ Λ there exist λ′ > λ, and an (n − 1)-connected
polyhedral spectrum Y and maps f :Xλ′ → Y and g :Y →Xλ such that pλλ′ = gf . So we
have the following commutative diagram:
hq(Xλ)
Tq(Xλ)
hq(Y )
hq(g)
Tq(Y )
hq(Xλ′)
hq (f )
Tq (Xλ′ )
h′q(Xλ) h′q(Y )
h′q (g)
h′q(Xλ′)
h′q (f )
.
By Theorem 1.11, Tq(Y ) is an isomorphism for q < n+N and an epimorphism for q =
n+N . Then for each q < n+N , if ϕq = hq(g) ◦ Tq(Y )−1 ◦ h′q(f ) :h′q(Xλ′)→ hq(Xλ),
then Tq(Xλ) ◦ ϕq = h′q(pλλ′) and ϕq ◦ Tq(Xλ′)= hq(pλλ′), so Tq(X) is an isomorphism.
Moreover, if q = n+N , then
Im
(
h′q(pλλ′)
)= Im(h′q(g) ◦ h′q(f ))⊆ Im(Tq(Xλ))
and so Tq(X) is an epimorphism. 2
For n ∈ Z, a space X is said to be stable shape n-connected if pro-piSq (X)= 0 for q 6 n.
Then Theorem 6.1 implies
Theorem 6.4. Let N ∈ Z and n > 1, and let T∗ :h∗ → h′∗ be a natural transformation
of homology theories on HCWspec such that Tq :hq(S0)→ h′q(S0) is an isomorphism
for q < N and an epimorphism for q = N . Suppose that h∗ and h′∗ satisfy (HW). If a
space X is stable shape (n− 1)-connected, then pro-Tq(X) : pro-hq(X)→ pro-h′q(X) is
an isomorphism for q < n+N and an epimorphism for q = n+N .
Then Theorem 6.4 implies
Theorem 6.5. If a space X is stable shape (n − 1)-connected for n > 1, then the stable
Hurewicz homomorphism
pro-hSq : pro-pi
S
q (X)→ pro-H˜q(X;Z)
is an isomorphism for q 6 n and an epimorphism for q = n+ 1.
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7. Relative Hurewicz theorem in generalized stable shape
Lemma 7.1. For each pair of CW-complexes (X,X0), the projection map p : (X,X0)→
(X/X0,∗) induces the isomorphisms:
Hq(X,X0;Z) p∗−→ H˜q(X/X0;Z)
and
piSq (X,X0)
p∗−→ piSq (X/X0).
Proof. See Switzer [16, 7.14]. 2
For each pair of CW-complexes (X,X0) we define the stable Hurewicz homomorphism
hSq :pi
S
q (X,X0)→Hq(X,X0) as the composite of the following maps:
piSq (X,X0)
p∗−→∼= pi
S
q (X/X0)
hS∗−→ H˜q(X/X0;Z) p∗←−∼= Hq(X,X0;Z).
For n ∈ Z, a pair of CW-complexes (X,X0) is stably n-connected if piSq (X,X0) = 0
for q 6 n, and a map f :X→ Y between CW-complexes is a stable n-equivalence if
f∗ :piSq (X)→ piSq (Y ) is an isomorphism for q < n and an epimorphism for q = n. By
Proposition 2.5(i), that (X,X0) is stably n-connected is equivalent to that the inclusion
map X0 ↪→X is a stable n-equivalence.
Theorem 7.2. If (X,X0) is stably (n−1)-connected pair of CW-complexes for n> 1, then
the stable Hurewicz homomorphism hSq :piSq (X,X0)→ Hq(X,X0;Z) is an isomorphism
for q 6 n and an epimorphism for q = n+ 1.
Theorem 7.3. Let f :X→ Y be a map between CW-complexes, and let n ∈ Z∪{∞}. Then
f is a stable n-equivalence if and only if f∗ : H˜q(X;Z)→ H˜q(Y ;Z) is an isomorphism for
q < n and an epimorphism for q = n.
For n ∈ Z, an inverse system of pairs of CW-complexes (X,X0)= ((Xλ,X0λ),pλλ′,Λ)
is said to be stably n-connected provided piSq (X,X0) = (piSq (Xλ,X0λ),pλλ′∗,Λ) = 0 for
q 6 n.
Lemma 7.4. If (X,X0) is stably n-connected, then X/X0 = (Xλ/X0λ,pλλ′,Λ) is stably
n-connected, where pλλ′ :Xλ′/X0λ′ →Xλ/X0λ are the maps induced by pλλ′ .
Proof. This follows from the following isomorphism (see Lemma 7.1):
piSq (X,X0)
∼= piSq (X/X0). 2
The stable Hurewicz homorphism hSq naturally extends to the stable Hurewicz homo-
morphism hSq :piSq (X,X0)→Hq(X,X0;Z) in pro-groups.
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Theorem 7.5. Let (X,X0) be an inverse system of CW-complexes. If (X,X0) is stably
(n− 1)-connected for n> 1, then hSq :piSq (X,X0)→Hq(X,X0;Z) is an isomorphism for
q 6 n and an epimorphism for q = n+ 1.
Proof. If (X,X0) is stably (n− 1)-connected, then X/X0 is stably (n− 1)-connected by
Lemma 7.4. So by Theorem 6.1, hSq :piSq (X/X0)→ H˜q(X/X0;Z) is an isomorphism for
q 6 n and an epimorphism for q = n+ 1. Thus our assertion follows from the following
commutative diagram:
piSq (X,X0)
hSq
∼=
Hq(X,X0;Z)
∼=
piSq (X/X0)
hSq
H˜q(X/X0;Z)
. 2
For n ∈ Z, a pair of spaces (X,X0) is stable shape n-connected provided pro-piSq (X,
X0) = 0 for q 6 n. Then the stable Hurewicz homorphism hSq naturally extends to the
stable Hurewicz homomorphism pro-hSq : pro-piSq (X,X0)→ pro-Hq(X,X0;Z).
Corollary 7.6. Let (X,X0) be stable shape (n− 1)-connected for n> 1. Then the stable
Hurewicz homomorphism
pro-hSq : pro-pi
S
q (X,X0)→ pro-Hq(X,X0;Z)
is an isomorphism for q 6 n and an epimorphism for q = n+ 1.
A morphism f = (fλ) :X → Y in HCWspec is said to be a stable n-equivalence
provided the induced morphism f ∗ :piSq (X)→ piSq (Y ) is an isomorphism for q < n and
an epimorphism for q = n. A morphism ϕ ∈ Shspec(X,Y ) is said to be a stable shape n-
equivalence provided pro-piSq (ϕ) : pro-piSq (X)→ pro-piSq (Y ) is an isomorphism for q < n
and an epimorphism for q = n.
Theorem 7.7. Let X = (Xλ,pλλ′,Λ) and Y = (Yλ, qλλ′,Λ) be inverse systems in
HCWspec with the same index set Λ, and let f = (fλ) :X→ Y be a level morphism in
HCWspec.
(i) If f is a stable n-equivalence, then f ∗ : H˜q(X;Z)→ H˜q(Y ;Z) is an isomorphism
for q < n and an epimorphism for q = n.
(ii) If f ∗ : H˜q(X;Z)→ H˜q(Y ;Z) is an isomorphism for q < n and an epimorphism for
q = n, then f is a stable n-equivalence.
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Proof. For each λ 6 λ′ there exists a map ϕλλ′ :Mfλ′ → Mfλ such that the following
diagram commutes up to homotopy:
Mfλ
rλ
Xλ
iλ
fλ
Yλ
jλ
Xλ′
pλλ′
fλ′
iλ′
Yλ′
qλλ′
jλ′
Mfλ′
ϕλλ′
rλ′
,
where iλ, iλ′ are inclusion maps. Let Mf = (Mfλ,ϕλλ′,Λ). Also let S2X =
(S2Xλ,S2pλλ′,Λ) and similarly for S2Y . Then for the induced map S2f = (S2fλ) :S2X→
S2Y , we also have the inverse system MS2f = (MS2fλ, S2ϕλλ′,Λ). Now consider the fol-
lowing commutative diagram with the rows being exact in pro-Ab:
piSq (X)
f ∗
∼=
piSq (Y )
j∗
∼=
piSq (Mf ,X)
σq
∼=
piSq−1(X)
∼=
piSq+2(S2X)
(S2f )∗
piSq+2(S2Y )
(S2j)∗
piSq+2(MS2f , S2X)
σq+2
piSq+1(S2X)
(14)
and
H˜q(X;Z) f ∗
∼=
H˜q(Y ;Z) j∗
∼=
Hq(Mf ,X;Z) σq
∼=
H˜q−1(X;Z)
∼=
H˜q+2(S2X;Z) (S
2f )∗
H˜q+2(S2Y ;Z) (S
2j)∗
Hq+2(MS2f , S2X;Z)
σq+2
H˜q+1(S2X;Z)
(15)
(i) easily follows from Theorem 7.5 and (14) and (15). For (ii), let X, Y and f be as in
the hypothesis. Then
Hq+2
(
MS2f , S
2X;Z)= 0 for q 6 n
by (15). Since S2X and S2Y are stably 1-connected, then by (14), (MS2f , S2X) is stably
1-connected. By Theorem 7.5,
hSq :pi
S
q
(
MS2f , S
2X
)→Hq(MS2f , S2X;Z)
is an isomorphism for q 6 2 and hence (MS2f , S2X) is stably 2-connected. Repeating this
process, we get (MS2f , S2X) is stably (n + 2)-connected. Thus by (14), S2f is stable
(n+ 2)-equivalence, and hence f is stable n-equivalence. 2
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Corollary 7.8. Let ϕ ∈ Shspec(X,Y ).
(i) If ϕ is a stable shape n-equivalence, then
pro-H˜q(ϕ) : pro-H˜q(X;Z)→ pro-H˜q(Y ;Z)
is an isomorphism for q < n and an epimorphism for q = n.
(ii) If
pro-H˜q(ϕ) : pro-H˜q(X;Z)→ pro-H˜q(Y ;Z)
is an isomorphism for q < n and an epimorphism for q = n, then ϕ is a stable shape
n-equivalence.
8. An application of Brown’s representation theorem: Embedding generalized stable
shape category into the category of CW-spectra
Lemma 8.1. For any X,Y ∈ obShspec, Shspec(X,Y ) has the structure of an Abelian
group.
Proof. See Miyata and Segal [12, Theorem 2.7]. 2
Let Σ also denote the suspension functor on Shspec, and as before, let Σk+1 =Σ ◦Σk
and Σ1 =Σ .
Lemma 8.2. Let X,Y ∈ obShspec. Then there is a natural bijection:
Σ : Shspec(X,Y )→ Shspec(ΣX,ΣY).
Proof. For any CW-spectra E and F , there is a suspension map which is a bijection:
Σ : [E,F ]→[ΣE,ΣF ].
Suppose that X and Y are spaces. Let p = (pλ: λ ∈ Λ) :X→ X = (Xλ,pλλ′,Λ) and
q = (qµ: µ ∈M) :Y → Y = (Yµ, qµµ′ ,M) be HCW-expansions ofX and Y , respectively.
Then Sp = (Spλ: λ ∈Λ) :SX→ SX = (SXλ,Spλλ′,Λ) and Sq = (Sqµ: µ ∈M) :SY →
SY = (SYµ,Sqµµ′ ,M) are HCW-expansions of SX and SY (see Ungar [17]). Then we
have the natural bijection:[
E(Xλ),E(Yµ)
]→[ΣE(Xλ),ΣE(Yµ)]= [E(SXλ),E(SYµ)].
This induces the desired natural bijection:
lim
µ
colim
λ
[E(Xλ),E(Yµ)] lim
µ
colim
λ
[E(SXλ),E(SYµ)]
Shspec(X,Y ) Σ Shspec(ΣX,ΣY)
.
The case when X or Y is a CW-spectrum is similar. 2
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For each q ∈ Z and for each space Z, we define the covariant functor Zq : HCWspec→
Ab as follows:
Zq =
{Shspec(ΣqZ, _ ) for q > 0,
Shspec(Z,Σ−q _ ) for q < 0,
and also define the natural equivalence σq :Zq → Zq+1 ◦ Σ as follows: for each CW-
spectrum G,
σq(G) :

Zq(G)= Shspec(ΣqZ,G) Σ−→ Shspec(Σq+1Z,ΣG)=Zq+1(ΣG)
for q > 0,
Zq(G)= Shspec(Z,Σ−qG) =−→ Shspec(Z,Σ−(q+1)(ΣG))=Zq+1(ΣG)
for q < 0.
Proposition 8.3. For each Z ∈ obShspec, Z∗ = (Zq,σq : q ∈ Z) forms a homology theory
on HCWspec.
Proof. It suffices to verify exactness. If Z is a CW-spectrum, the assertion is obvious.
Suppose now that Z is a space. Let r = (rν : ν ∈N) :Z→ Z = (Zν, rνν ′ ,N) be an HCW-
expansion of Z. First consider the cofibre sequence of the formG
f
↪→H g↪→G∪CH . Then
for each q > 0 and for each ν ∈N , we have the following exact sequence:[
E(SqZν),G
]→ [E(SqZν),H ]→ [E(SqZν),H ∪CG].
Note that Sqr :SqZ→ SqZ is an HCW-expansion of SqZ and this induces a generalized
expansion in HCWspec. Taking colimν , we have the following exact sequence:
colim
ν
[E(SqZν),G] colim
ν
[E(SqZν),H ] colim
ν
[E(SqZν),H ∪CG]
Shspec(ΣqZν,G) Shspec(ΣqZν,H) Shspec(ΣqZν,H ∪CG)
The case when q < 0 is similar, and the general case when the cofibre sequence is of the
form G f→H g↪→H ∪f CG is taken care of as in Theorem 5.1. 2
For each map f :X→ Y between CW-complexes (or CW-spectra), we denote by f∗
and f ∗ the induced maps [P,X] → [P,Y ] and [Y,P ] → [X,P ] for each CW-complex
(or CW-spectrum) P , respectively. Similarly, for each ϕ ∈ Shspec(X,Y ) where X,Y ∈
obShspec, we denote by ϕ∗ the induced map Shspec(Z,X)→ Shspec(Z,Y ) :ψ 7→ ϕ ◦ ψ
and by ϕ∗ the induced map Shspec(Y,Z)→ Shspec(X,Z) :ψ 7→ψ ◦ ϕ for each space Z.
Proposition 8.4. For each compact Hausdorff space Z, the homology theory Z∗ has the
following property:
T. Miyata, J. Segal / Topology and its Applications 94 (1999) 275–305 297
(D) For any CW-spectrum G, the inclusion maps iα :Gα ↪→G of finite subspectra Gα
into G induce the isomorphism:
τ = colim
α
iα∗ : colim
α
Zq(Gα)→ Zq(G) for each q ∈ Z.
Proof. Let q > 0. Let r = ([rν]: ν ∈N) :Z→ Z = (Zν, [rνν ′ ],N) be an HCW-expansion
of Z such that Zν are all finite CW-complexes. Then the inclusion maps iα :Gα ↪→ G
induce the maps iα∗ : [E(SqZν),Gα] → [E(SqZν),G] such that the following diagram
commutes for each ν ∈N :
[E(SqZν),Gα] iα∗
E(Sqrν)
∗
[E(SqZν),G]
E(Sqrν)
∗
Zq(Gα)
Zq(iα)
Zq(G)
.
Let ϕ ∈ Zq(G), and let [ϕ] ∈ [E(SqZν),G] represent ϕ. Then since SqZν is finite, there
exist α and [ϕα] ∈ [E(SqZν),Gα] such that iα∗([ϕα]) = [ϕ]. Let ϕα ∈ Zq(Gα) be the
element represented by [ϕα]. Then ϕα represents an element ϕ ∈ colim
α
Zq(Gα), and
τ(ϕ)= ϕ. Thus τ is surjective.
Let ϕ,ϕ′ ∈ colim
α
Zq(Gα) be such that τ(ϕ)= τ(ϕ′). Without loss, we can assume there
exist ν, α and maps ϕν,α,ϕ′ν,α :E(SqZν)→ E(Gα) such that [ϕν,α], [ϕ′ν,α] ∈ [E(SqZν),
Gα] represent ϕ, ϕ′, respectively. Then there exist ν′ > ν and a map
h :E(SqZν ′)∧ I+ →G
such that h0 = iα ◦ ϕν,α ◦E(Sqrνν ′) and h1 = iα ◦ ϕ′ν,α ◦E(Sqrνν ′). Since E(SqZν ′)∧ I+
is finite, there is α′ > α so that h(E(SqZν ′)∧ I+)⊆Gα′ . This defines a map
h′ :E(SqZν ′)∧ I+ →Gα′
such that h′0 = iαα′ ◦ϕν,α ◦E(Sqrνν ′) and h′1 = iαα′ ◦ ϕ′ν,α ◦E(Sqrνν ′), where iαα′ :Gα ↪→
Gα′ is the inclusion map. But h′0 and h′1 representϕ,ϕ
′ ∈ colim
α
Zq(Gα), respectively. Thus
ϕ = ϕ′ and hence i∗ is injective. Similarly for q < 0. 2
Lemma 8.5. Let Nat be the category such that ob Nat = ob Shspec and the morphisms
from X to Y , where X,Y ∈ obNat, are the natural transformations Shspec(Y, _ )→
Shspec(X, _ ) on HCWspec. Let Φ : Shspec→ Nat be the functor defined by Φ :X 7→ X
for each X ∈ obShspec and Φ :ϕ 7→ {ϕP :P CW-spectrum} for each ϕ ∈ Shspec(X,Y )
where ϕP = ϕ∗ : Shspec(Y,P )→ Shspec(X,P ) :ψ 7→ψ ◦ ϕ. Then Φ is an isomorphism of
categories.
Proof. It is routine to check that Φ is really a functor. Let X,Y ∈ ob Nat, and let
ϕ : Shspec(Y, _ )→ Shspec(X, _ )
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be a natural transformation on HCWspec. Let q = (qµ: µ ∈M) :Y → Y = (Yµ, qµµ′ ,M)
be an HCW-expansion of Y . Then for any µ6 µ′, there is a commutative diagram:
Shspec(Y,Yµ)
qµµ′∗
ϕ(Yµ) Shspec(X,Yµ)
qµµ′∗Shspec(Y,Y )
qµ∗
qµ′∗
Shspec(X,Y )
qµ∗
qµ′∗
Shspec(Y,Yµ′ )
ϕ(Yµ′ ) Shspec(X,Yµ′)
.
Let 1Y ∈ Shspec(Y,Y ) be given by the identity map on Y . Let
Ψ (ϕ) ∈ Shspec(X,Y )= lim
µ
Shspec(X,Yµ)
be the limit element of ϕYµqµ∗(1Y ) ∈ Shspec(X,Yµ), µ ∈ M . Thus we can define a
functor Ψ : Nat→ Shspec by Ψ :X 7→ X for each X ∈ ob Nat and Ψ :ϕ 7→ Ψ (ϕ) for
each natural transformation ϕ : Shspec(Y, _) → Shspec(X, _). To see this is really a
functor, let ϕ : Shspec(Y, _)→ Shspec(X, _) and ψ : Shspec(Z, _)→ Shspec(Y, _) be
natural transformations. Let 1Z ∈ Shspec(Z,Z) be given by the identity map on Z. Let
α =Ψ (ψ) ∈ Shspec(Y,Z), β = Ψ (ϕ) ∈ Shspec(X,Y ), and γ =Ψ (ψ ◦ ϕ) ∈ Shspec(X,Z).
Then, tracing around the following commutative diagram:
Shspec(Z,Z) (ψ◦ϕ)(Z)
ψ(Z)
Shspec(X,Z)
Shspec(Y,Z)
ϕ(Z)
Shspec(Y,Y ) ϕ(Y )
α∗
Shspec(X,Y )
α∗
we have γ = β ◦ α, so Ψ (ψ ◦ ϕ) = Ψ (ψ) ◦ Ψ (ϕ). Also, it is easy to see Ψ ◦Φ = 1 and
Φ ◦Ψ = 1. 2
Theorem 8.6. For any Z,Z′ ∈ ob Shspec, Z∗ is naturally equivalent to Z′∗ on HCWspec if
and only if Shspec(Z)= Shspec(Z′).
Proof. If Shspec(Z) = Shspec(Z′), then Shspec(ΣqZ) = Shspec(ΣqZ′) for q > 0. So, Z∗
is naturally equivalent to Z′∗ on HCWspec. Conversely, if Z∗ is naturally equivalent to Z′∗
on HCWspec, then Shspec(Z, _) is naturally equivalent to Shspec(Z′, _) on HCWspec. By
Lemma 8.5, Shspec(Z)= Shspec(Z′). 2
Let HCWfspec denote the full subcategory of HCWspec whose objects are all finite CW-
spectra. For each CW-spectrum, let E∗ and E∗ denote the homology and cohomology
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theories associated with E, respectively. We now recall the following version of Brown’s
representation theorem (see Switzer [16, Theorems 14.35 and 14.36] and Margolis [11,
Section 4.3]).
Theorem 8.7.
(i) Let h∗ be a homology theory on HCWfspec. Then there exist a CW-spectrum E and
a natural equivalence τf :E∗ → h∗.
(ii) Let h∗ be a homology theory on HCWspec with property (D) (see Proposition 8.4).
Then there exist a CW-spectrum E and a natural equivalence τ :E∗ → h∗ which
extends the natural equivalence τf on HCWfspec of (i).
(iii) Let h∗ and h′∗ be homology theories on HCWfspec, and let E and E′ be the CW-
spectra corresponding to h∗ and h′∗, respectively. Then each natural transformation
T :h0→ h′0 admits a map f :E→ E′ such that the following diagram commutes
for each finite CW-spectrum G:
h0(G)
T (G)
h′0(G)
[S0,E ∧G]
τ(G)
Tf (G) [S0,E′ ∧G]
τ ′(G) , (16)
where Tf is the natural transformation induced by f . Moreover, such an f is
unique up to weak homotopy.
(iv) The CW-spectra E in (i) and (ii) are unique up to homotopy.
Theorem 8.8. Let Compspec denote the full subcategory of Shspec whose objects are all
compact Hausdorff spaces, and let WCWspec denote the category of CW-spectra and weak
homotopy equivalence classes.
(i) There exists a contravariant functorΠ : Shspec→WCWspec.
(ii) The restriction Π |Compspec : Compspec→WCWspec is an embedding.
Proof. For each Z ∈ ob Shspec, Z∗ forms a homology theory on HCWfspec by Proposi-
tion 8.3. Thus there exist a unique (up to homotopy) E ∈ obHCWspec and a natural
equivalence τf :E∗ → Z∗ on HCWfspec. Let Π(Z) be the CW-spectrum E. For each
ϕ ∈ Shspec(Z,Z′), there exists an induced natural transformation ϕ∗ : Shspec(Z′, _)→
Shspec(Z, _) on HCWfspec. Then Theorem 8.7(iii) implies that there exists a unique (up to
weak homotopy) map f :E′ →E such that the following diagram commutes on HCWfspec
Shspec(Z′,_)
ϕ∗ Shspec(Z,_)
[S0,E′ ∧ _]
τ
Tf [S0,E ∧ _]
τ .
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Let Π(ϕ) be the map f . Then it is easy to verify that Π : Shspec→WCWspec forms a
contravariant functor. This proves (i).
For (ii), suppose that Z,Z′ ∈ obCompspec are such that Π(Z)=Π(Z′) in WCWspec.
Then there is a natural equivalence Z∗ →Z′∗ on HCWspec. By Theorem 8.6, Shspec(Z)=
Shspec(Z′). Let f :E′ → E be a map where E = Π(Z) and E′ = Π(Z′). Then, since
Z∗ and Z′∗ are homology theories on HCWspec with property (D), this induces a natural
transformation T : Shspec(Z′, _)→ Shspec(Z, _) on HCWspec such that the following
diagram commutes on HCWspec:
Shspec(Z′,_) T Shspec(Z,_)
[S0,E′ ∧ _]
τ ′
Tf [S0,E ∧ _]
τ .
By Lemma 8.5, we see that there is a unique ϕ ∈ Shspec(Z,Z′) such that
ϕ∗ = T : Shspec(Z′, _)→ Shspec(Z, _) on HCWspec.
If f,f ′ :E′ →E are weakly homotopic to each other, then Tf = Tf ′ . This shows that there
is a contravariant functorΠ ′ from the range ofΠ onto Compspec which defines the inverse
of Π . This completes the proof of Theorem 8.8. 2
9. An application of Brown’s representation theorem: shape of movable spaces
A space Z is stably movable provided if r = (rν : ν ∈N) :Z→ Z = (Zν, rνν ′,N) is an
HCW-expansion of Z, then the induced inverse system E(Z) = (E(Zν),E(rνν ′),N) is
movable in pro-HCWspec, i.e., each ν ∈N admits ν′ > ν such that for each ν′′ > ν there
exists a morphism q :E(Zν ′)→E(Zν ′′) in HCW with E(rνν ′′) ◦ q =E(rνν ′)
E(Zν)
E(Zν ′)
E(rνν′ )
q E(Zν ′′)
E(rνν′′)
.
A space Z is said to be movable provided if r = (rν) :Z→ Z = (Zν, rνν ′,N) is an
HCW-expansion of Z, then each ν ∈ N admits ν′ > ν such that for each ν′′ > ν there
exists a morphism q :Zν ′ →Zν ′′ in HCWspec with rνν ′′ ◦ q = rνν ′ .
Proposition 9.1. If a space Z is movable, then Z is stably movable.
Proof. Let r = (rν) :Z→ Z = (Zν, rνν ′ ,N) be an HCW-expansion of Z. Then each
ν ∈ N admits ν′ > ν such that for each ν′′ > ν there exists a morphism q :Zν ′ → Zν ′′
with rνν ′′ ◦ q = rνν ′ , which implies E(rνν ′′) ◦E(q)=E(rνν ′) as required. 2
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Proposition 9.2. If a space Z is movable (stably movable), then SZ is movable (stably
movable).
Let Set denote the category of pointed sets and pointed maps. For each contravariant
functor F : HCW→ Set, consider the following two properties:
(W) For any wedge ∨α∈AXα in HCW with inclusions iβ :Xβ ↪→ ∨α∈AXα the
induced homomorphism
{i∗α} :F
(∨
α∈A
Xα,Z
)
→
∏
α∈A
F(Xα,Z)
is a bijection.
(MV) For any triad (X;A1,A2) in HCW, each pair x1 ∈ F(A1) and x2 ∈ F(A2) which
induce the same element in F(A1 ∩ A2) admit an element y ∈ F(X) whose
restrictions to Ai are xi , i = 1,2.
A space Z is said to be a shape H-group provided Z admits an HCW-expansion
r = (rν) :Z→ Z = (Zν, rνν ′ ,N) such that each Zν is an H-group and each rνν ′ is a
homomorphism. For the definition of H-group, see, for example, Switzer [16, p. 15].
Any CW-complexes that have the homotopy type of an H-group are shape H-groups.
The Warsaw circle and any compact connected Abelian topological groups are also shape
H-groups. More properties of shape H-group will be discussed in detail in a subsequent
paper.
Let Gp denote the category of groups and homomorphisms.
Theorem 9.3. For each movable, second countable, shape H-group Z, the contravariant
functor Sh( _ ,Z) : Sh→Gp satisfies the properties (W) and (MV).
Proof. (W) For each α ∈ A, let ϕα ∈ Sh(Xα,Z), and let f α = ((fα)i) :Xα → Z
represent ϕα , where r = (ri) :Z → Z = (Zi, ri,i+1,N) is an HCW-expansion of Z
such that each Zi is an H-group. Then for each i ∈ N, (fα)i, α ∈ A, define a map
fi =∨α(fα)i :∨α Xα→ Zi such that fi = rii′fi′ for i 6 i ′ and fiiα = (fα)i for α ∈ A,
and hence (fi) defines a morphism f :
∨
α Xα→ Z such that f iα = f α . Thus f defines
a morphism ϕ ∈ Sh(∨α Xα,Z) such that i∗α(ϕ) = ϕα for each α ∈ A. Hence {i∗α} is
surjective.
Let ϕ,ψ ∈ Sh(∨α Xα,Z) be such that ϕ ◦ [iα] = ψ ◦ [iα] for each α ∈A. Let f = (fi)
and g = (gi) represent ϕ and ψ , respectively. Then there is i ′ such that fi ◦ [iα] = gi ◦ [iα]
for each α ∈ A and i > i ′, which implies fi = gi for i > i ′, so ϕ = ψ . Hence {i∗α} is
bijective.
(MV) For each i , we have the following exact sequence (see Hilton [7]):
[X,Zi]→ [A1,Zi] ⊕ [A2,Zi]→ [A1 ∩A2,Zi].
Note that {[X,Zi], ri,i+1∗,N}, {[A1,Zi]⊕ [A2,Zi], ri,i+1∗,N}, {[A1∩A2,Zi], ri,i+1∗,N}
form inverse sequences of groups since each Zi is an H-group. Since Z is movable, those
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inverse sequences are also movable and hence have the Mittag–Leffler property (Mardešic´
and Segal [10, Theorem 6, p. 165]). Thus, by [10, Lemma 7, p. 195], taking limits, we have
the following exact sequence:
lim
i
[X,Zi] lim
i
[A1,Zi] ⊕ [A2,Zi] lim
i
[A1 ∩A2,Zi]
Sh(X,Z) Sh(A1,Z)⊕ Sh(A2,Z) Sh(A1 ∩A2,Z)
. 2
Let HCW0 denote the full subcategory of HCW whose objects are path-connected CW-
complexes.
Theorem 9.4 (Brown [3], Adams [1]). Every contravariant functorF : HCW0→ Set with
properties (W) and (MV) admits a unique (up to homotopy) CW-complex Y and a natural
equivalence τ : [ _ , Y ]→ F .
Theorem 9.5. For each movable, second countable, shape H-group Z, there exists a
P ∈ obHCW0 and a morphism ϕ ∈ Sh(P,Z) which induces the natural equivalence
ϕ∗ : [ _ ,P ] → Sh( _ ,Z) on HCW0.
Proof. By Theorems 9.3 and 9.4, there exist a unique P ∈ obHCW0 and a natural
equivalence τ : [ _ ,P ] → Sh( _ ,Z) on HCW0. For any Q ∈ obHCW0 and map
f :Q→ P , there is a commutative diagram:
Sh(P,Z)
f ∗
[P,P ]τ(P )
f ∗
Sh(Q,Z) [Q,P ]τ(Q)
.
Let ϕ = τ(P )(1P ) ∈ Sh(P,Z). Then by tracing the above diagram,
ϕ∗
([f ])= ϕ ◦ [f ] = f ∗(ϕ)= τ(Q) ◦ f ∗(1P )= τ(Q)([f ]).
Thus τ = ϕ∗ as required. 2
Theorem 9.6. Every connected, movable, second countable, shape H-group Z admits a
weak shape equivalence ϕ :P →Z for some P ∈ ob HCW0.
Proof. Let ϕ ∈ Sh(P,Z) be as in Theorem 9.5. Then ϕ∗ : pˇiq(P ) → pˇiq(Z) is an
isomorphism for each q > 1. Also ϕ∗ : pˇi0(P ) ∼= pˇi0(Z)∼= 0. Since Z is second countable,
there exists an HCW-expansion of Z, r = (ri) :Z → Z = (Zi, ri,i+1,N) such that
each Zi is countable. Then for each q ∈ Z, piq(Zi), i ∈ N, are countable, and hence
pˇiq(Z) ∼= pˇiq(P ) = piq(P ) is countable. Since (piq(P )) and (piq(Zi), ri,i+1∗,N) have
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the Mittag-Leffler property, then by Mardešic´ and Segal [10, Theorem 12, p. 175],
pro-piq(ϕ) : pro-piq(P )→ pro-piq(Z) is an isomorphism for each q > 0. 2
Theorem 9.7. Every connected, movable, second countable, shape H-group Z with shape
dimension sdZ 6 k <∞ admits a shape equivalence ϕ :P →Z for some P ∈ ob HCW0.
Proof. This follows from Theorem 9.6 and Mardešic´ and Segal [10, Theorem 6,
p. 191]. 2
10. An application of Brown’s representation theorem: generalized stable shape of
stably movable spaces
For each q ∈ Z and for each Z ∈ obShspec, we define the functor Zq : HCWspec→Ab
by
Zq =
{Shspec( _ ,ΣqZ) for q > 0,
Shspec(Σ−q _ ,Z) for q < 0.
Theorem 10.1. If Z is a second countable, stably movable space, then Z∗ = (Zq,σq : q ∈
Z) forms a cohomology theory on HCWspec. Here σq :Zq+1 ◦ Σ → Zq is the natural
equivalence defined as follows (see Lemma 8.2): for each CW-spectrum G,
Zq+1(ΣG)=

Shspec(ΣG,Σq+1Z)
Σ−1−→ Shspec(G,ΣqZ)=Zq(G)
for q >−1,
Shspec(Σ−q−1(ΣG),Z)
=−→ Shspec(Σ−qG,Z)=Zq(G)
for q <−1.
Lemma 10.2. LetGk = (Gki ,pki,i+1: i ∈N), k ∈Z, be Mittag-Leffler sequences of groups,
and let f k = (f ki : i ∈N) :Gk→Gk+1 be level morphisms. Then the exact sequences
Gk−1i
f k−1i−→Gki
f ki−→Gk+1i (k ∈Z, i ∈N)
induce the exact sequence
limGk−1 limf
k−1
−→ limGk limf
k
−→ limGk+1 (k ∈Z).
Proof. See Mardešic´ and Segal [10, Lemma 7, p. 195]. 2
Proof of Theorem 10.1. It suffices to show that each cofibre sequence of the form
G
f
↪→H g↪→H ∪CG induces the exact sequence:
Zq(H ∪CG) g
∗
−→ Zq(H) f
∗
−→ Zq(G) (q ∈ Z).
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The general case G f→ H g↪→ H ∪f CG is then taken care of as in Theorem 5.1. Let
r = (ri) :Z→ Z = (Zi, ri,i+1,N) be an HCW-expansion of Z. Then for each i ∈ N and
q > 0, the sequence[
Σq(H ∪CG),E(Zi)
]→ [ΣqH,E(Zi)]→ [ΣqG,E(Zi)]
is exact. Since Z is stably movable, the following inverse sequences of Abelian groups are
movable:([
Σq(H ∪CG),E(Zi)
]
,E(ri,i+1)∗,N
)
,([
ΣqH,E(Zi)
]
,E(ri,i+1)∗,N
)
,([
ΣqG,E(Zi)
]
,E(ri,i+1)∗,N
)
.
Thus they have the Mittag-Leffler property. By Lemma 10.2, we have the following exact
sequence:
lim
i
[Σq(H ∪CG),E(Zi)] lim
i
[ΣqH,E(Zi)] lim
i
[ΣqG,E(Zi)]
Shspec(Σq(H ∪CG),Z) Shspec(ΣqH,Z) Shspec(ΣqG,Z)
Zq(H ∪CG) Zq(H) Zq(G)
.
Similarly for the case q < 0. 2
We denote by (WS) the property (W) with CW-complexes replaced by CW-spectra.
Lemma 10.3. For each second countable, stably movable space Z, the contravariant
functors Zq on HCWspec, q ∈ Z, satisfy property (WS).
Proof. Similar to Theorem 9.3. 2
Theorem 10.4 (Brown [3], Adams[1]). For each cohomology theory h∗ on HCWspec
with property (WS), there exist a unique (up to homotopy) CW-spectrum E and a natural
equivalence τ :E∗ → h∗.
Theorem 10.5. For each second countable, stably movable space Z, there exist a CW-
spectrum E and a morphism ϕ ∈ Shspec(E,Z) which induces the natural equivalence
ϕ∗ : [ _ ,E]→ Shspec( _ ,Z) on HCWspec.
Proof. We use Theorems 10.1, 10.3 and 10.4 and proceed as in Theorem 9.5. 2
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A morphism ϕ ∈ Shspec(E,F) is said to be weak stable shape equivalence if the induced
morphism pro-piq(ϕ) : pro-piq(E)→ pro-piSq (Z) is an isomorphism for each q ∈Z.
Theorem 10.6. Every second countable, stably movable space Z admits a CW-spectrum
E and a weak stable shape equivalence ϕ :E→Z.
Proof. Let E and ϕ ∈ Shspec(E,Z) be as in Theorem 10.5. We proceed as in Theo-
rem 9.6. 2
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